Longitudinal and lateral dispersion coefficients are computed for the Ems Estuary using a modified version of the tidal random walk model developed by Zimmerman. This model relates the mixing properties of the flow to the velocity and length scales of the tidal current and the residual eddies. It is found that values of the longitudinal dispersion coefficient are 200-1200 m 2 s 1 , depending on the position in the estuary, and lateral dispersion coefficients are a factor of c. 50 smaller. These results are three to four times larger than earlier reported values, which were determined from field observations. This difference is attributed to the fact that in the tidal random walk model, the dependence of the dispersion mechanism on the detailed kinematics of the flow is neglected, since a statistical distribution of residual eddies is assumed. However, the model predicts the spatial distribution of the dispersion coefficients in the estuary quite well. Particular attention is paid to the presence of three peaks in the dependence of these coefficients on the distance to the river mouth. Using the concepts underlying the tidal random walk model, these peaks are related to the presence of tidally induced residual circulations around sand banks. It is also concluded that the effect of shear dispersion on the horizontal mixing processes in the Ems Estuary can be neglected.
Introduction
Water motions in shallow tidal seas and estuaries with a complex bathymetry often have strong mixing (or dispersive) properties. This has important consequences since these mechanisms cause an effective spreading of suspended matter, soils and contaminants in the water. The development of reliable water-quality models for such areas requires the incorporation of mixing processes in a proper and efficient way. This is a serious problem since our knowledge on dispersion processes is limited (e.g. Fischer et al., 1979; Beerens, 1995) . In many applications, the mixing processes are parameterized as turbulent diffusion terms in the equations of motion. Numerical values for the dispersion coefficient are then obtained by relating turbulent fluxes to measurable quantities. The computations done by high-resolution twodimensional (2D) and 3D water-transport models seem to be most accurate (e.g. Ridderinkhof & Zimmerman, 1992; van Dam & Louwersheimer, 1992) . Application of these complex models requires the schematization of the basin and the calibration of the model results, which is only possible when detailed knowledge about the water transport in the area is available. This, however, is not the case for all estuaries.
An alternative technique to estimate dispersion coefficients using field observations is the flux-gradient method. Its application requires the presence of a freshwater river outflow causing a significant salinity gradient. By measuring this gradient and the turbulent salt fluxes at various positions in the estuary, values for the dispersion coefficient at different locations are obtained. Subsequently, these coefficients can be used in a so-called box model to compute flushing times, residence times, etc. This method has been used by Zimmerman (1976a) for the Western Wadden Sea and by Helder and Ruardij (1982) for the Ems Estuary.
A successful attempt to explicitly describe mixing in tidal areas was made by Zimmerman (1976b) by development of a tidal random walk model. The motivation for this approach was that classical concepts like turbulent diffusion and shear dispersion yield dispersion coefficients which are an order of magnitude smaller than those obtained from observations using the flux-gradient method. The main cause for these low dispersion coefficients is that in many tidal areas, the shear in the velocity field cannot be considered uniform over distances of the order of the tidal excursion. On this scale, pronounced horizontal residual circulations occur which are generated by tide-topography interactions.
Important results of the tidal random walk model of Zimmerman (1976b) are expressions of the longitudinal and lateral dispersion coefficients in dependence of two parameters. The first measures the ratio of the residual eddy intensity and the tidal energy, the second is the ratio of the tidal excursion length (i.e. the distance travelled by a fluid particle in one tidal period) and the length scale of residual eddies. The present paper applies the tidal random walk model to the Ems Estuary which is located on the border between The Netherlands and Germany. Using data of observed tidal currents and residual eddies, the dispersion coefficient will be calculated at various positions in the estuary. These results will be compared with those of Helder and Ruardij (1982) and Beerens (1995) .
Although the tidal random walk model has turned out to be very useful, recent research has demonstrated that even simple deterministic flows can cause an effective spreading of particles. This leads to the concept of Lagrangian chaos and mixing by chaotic advection (e.g. Ottino, 1989; Aref, 1995) . An important aspect in this theory is that the most effective dispersion occurs in the vicinity of the so-called hyperbolic points. In the case of the Western Wadden Sea, Ridderinkhof (1989) computed dispersion coefficients which were considerably smaller than results of Zimmerman (1976b) . This difference was attributed to the mechanism of chaotic mixing. In a subsequent paper (Ridderinkhof & Zimmerman, 1992) , the presence of such hyperbolic points was clearly demonstrated.
For the Ems Estuary, dispersion coefficients have been computed by a flux-gradient method (Helder & Ruardij, 1982) . Their results show three peaks in the longitudinal coefficients, at distances of approximately 25, 45 and 80 km, from the river mouth. This paper will demonstrate that the tidal random walk model is able to reproduce these peaks. Moreover, using the model concepts, it can be shown that large dispersion coefficients are related to the presence of tidally induced residual circulations around the sand banks in the estuary. Thus, if tidal flow and residual flow characteristics are known, the tidal random walk model is a practical model for obtaining a first indication of the variation of dispersion coefficients and the physical mechanisms causing the corresponding mixing behaviour.
The next section will review the basic concepts and results of the tidal random walk model (Zimmerman, 1976b) . Some minor modifications of the model are proposed and discussed. The model is used to compute both longitudinal and lateral dispersion coefficients in the Ems Estuary. This requires information about the tidal and residual current characteristics in this area, which are obtained from field observations (de Jonge, 1992) . The main results are presented later in the paper and will be compared with those obtained by Helder and Ruardij (1982) . The paper will end with some conclusions.
Materials and methods

Hydrographical features of the Ems Estuary
The Ems Estuary is situated in the North-east Netherlands on the border with Germany (Figure 1 ). Its area, including the tidal river and excluding the outer delta, is c. 500 km 2 . The area of the outer delta is c. 100 km 2 . The length of the estuary from the inlet to the town of Leer in Germany (Figure 1 ) is approximately 75 km. The mean tidal range varies over years (de Jonge, 1992) , but is approximately 2·3 m near the island of Borkum (tidal inlet) and approximately 3·2 m near the town of Emden in Germany.
The estuary receives water from the rain-fed River Ems (approximately 115 m 3 s 1 on average). A second much smaller freshwater input emanates from the small canalized river Westerwoldsche Aa (12·5 m 3 s 1 on average). These discharges vary strongly within and between years [see de Jonge (1992) for the monthly means and the annual means of the period of investigation]. The result of the interaction between freshwater discharge and seawater brought in by the tide is a salinity gradient, the length and position of which is strongly dependent on the water discharge by the rivers. Figure 2 shows the average salinity distribution in the estuary.
The tidal random walk model
The present paper uses the tidal random walk model, developed by Zimmerman (1976b) , to compute horizontal dispersion coefficients for the Ems Estuary. A basic assumption of this model is that over distances in the order of the tidal excursion, the velocity field varies considerably due to the presence of residual eddies caused by tide-topography interactions. A Lagrangian approach is used, i.e. the dispersion properties are computed from the average spreading of water particles which are initially nearby. Only depth-averaged velocities are considered because it appears that the effect of vertical shear on the horizontal dispersion is negligibly small (see Zimmerman, 1986 ).
x 1 and x 2 co-ordinates refer to the longitudinal and lateral directions of the channel, respectively. The components U 1 and U 2 of the horizontal depthaveraged velocity field are assumed to be of the form:
where t is time. The longitudinal velocity component contains a time-dependent part which oscillates with the tidal frequency 0 . It consists of a cross-sectionally averaged field (amplitude U 0 ) and a contribution with lateral structure (amplitude u ) induced by side-wall friction. Here f(x 2 ) is a function with a zero width average. In the present study, f(x 2 )=cos(2 x 2 /W ), where x 2 =0 is the central axis and W is the width of the estuary. Thus, the boundaries of the channel are x 2 = W/2, and the tidal current amplitude reaches a maximum in the middle of the estuary and decreases towards the side walls due to frictional effects. The other contributions to the velocity field are steady. The current u a is assumed to be generated due to wind and river discharge. Furthermore, there is a steady velocity field, with components u 1 and u 2 , due to the presence of tidal residual eddies. It is assumed that this field does not contribute to the net transports in the estuary, hence the width-averaged value of the residual velocity component u 1 is assumed to be zero. It was demonstrated by Zimmerman (1980) that such residual eddies are caused by the interaction between an oscillating tidal current and the irregular bottom topography, resulting in anticyclonic (i.e. clockwise on the Northern Hemisphere) horizontal circulations around sand banks. The topographically induced residual velocity field appears to be free of divergence:
The velocity scale of the eddies is considered to be much smaller than the tidal current amplitude. The residual eddies are assumed to be randomly distributed in the channel, and their characteristics, such as location, intensity and horizontal extension, are described by normal probability distributions which do not depend on the co-ordinates x 1 ,x 2 . This implies that the components of the velocity vector < u (x 1 ,x 2 ) are statistical variables, and thus the Eulerian velocity field shows randomness in space. If particles are released in this field, their trajectories become very irregular and will be random functions of time. Thus, the Lagrangian velocity field, experienced by the water particles, shows randomness in time. On the contrary, the Eulerian velocity field, considered at a fixed position, is deterministic in time.
The dispersion of water particles in a velocity field can be quantified by the components K ij of the dispersion tensor, which are defined as:
Here d/dt is a time derivative in a frame moving with the water particles, <·> denotes an ensemble average, and Y i is the component of a vector < Y(t) which measures the horizontal displacement of a water particle with respect to a point moving with the undisturbed flow (i.e. without the eddy field). In the present case, only the longitudinal and lateral coefficients K 11 and K 22 need to be considered since the co-ordinate axes are already aligned with the principal directions of the flow. Zimmerman (1976b) considered the net displacement of a water particle after a large number of tidal cycles since he was interested in the tidally averaged, mixing properties of the flow. He demonstrated that this displacement can be described as a superposition of the net displacements < y (n) of water particles during the preceding ebb and flood phases (labelled by index n). The latter can be evaluated by integrating the residual current experienced by a water particle along a trajectory of the undisturbed flow. This yields an explicit expression for the ensemble average <Y 2 i > which should be substituted in Equation 3.
A relatively simple result is obtained in cases where only successive net displacements ( < y (n 1) and < y (n) ), are correlated. It then follows:
where T is the tidal period and:
are the variance and correlation coefficient of the net displacements, respectively. These quantities can be expressed in the statistical properties of the Eulerian residual velocity field and the tidal characteristics. They can be explicitly calculated for an eddy field described by the stream function:
with the corresponding velocity components:
Here a is the intensity of the eddy, s 1 and s 2 indicate the (random) position of the eddy, and l 1 and l 2 are characteristic longitudinal and lateral length scales. The explicit results for the longitudinal and lateral dispersion coefficients K 11 and K 22 can be found in Appendix A. In Appendix B, some modifications are discussed which appeared to be necessary for obtaining correct numerical results.
To incorporate the effect of lateral shear in the expression for the longitudinal dispersion coefficient, it is argued by Zimmerman (1986) that the modified dispersion coefficient becomes:
where:
Note that in Zimmerman (1976b) , a typing error occurs; in cases where T<<T D , the factor 4
Field measurements, data selection and data processing
Between 1971 and 1979, data were collected from 20 cross-sections in the Ems Estuary to determine the local tidal currents and water transport. These locations were chosen to be representative of the morphological units of the estuarine system (cf. de Jonge, 1992). To facilitate comparison, the numbering of the cross-sections has been adapted to that of the previous paper. The field measurements were carried out by ' Rijkswaterstaat ' (Dutch Ministry of Transport and Public Works) and the ' Wasser und Schiffahrtsamt Emden ' (local authorities, Germany).
The selection criteria for the use of the data in the present study was the availability of complete and detailed information on the water transport over a full tidal cycle and for an entire cross-section which should be perpendicular to the principal flow direction. The result was a set of plots (' butterfly ' maps) for eight of the 20 cross-sections. They show the semi-tidally integrated local water fluxes per unit width [V f (x 2 ) and V e (x 2 )] for Sections 1, 2, 6, 10, 13, 14, 16 and 20. These variables are defined as the depth-integrated longitudinal velocity integrated over the flood and ebb period, respectively.
For the present purpose, the data were processed as follows. First, the time-averaged width W of each section was determined as well as the time-average water depth h(x 2 ) over the various sections. It was further assumed that Equation 1 describes the local depth-averaged velocity field in sufficient detail. From Equation 1, explicit expressions are derived fro the integrated water fluxes per unit width, which read:
The quantities V f and V e follow from the ' butterfly ' plots, whereas the tidal period T was part of the original measurements. Thus, from the above given equations, the local tide velocity amplitude U t and longitudinal residual current component u r defined as:
respectively, were determined at various locations on a section. Next, these results were averaged over the width of the estuary, yielding the tidal amplitude U 0 and the width-averaged residual current u a . The shear velocity u was computed for a specific lateral distribution function f(x 2 ) by averaging the function [U t (x 2 ) U 0 ] 2 over the section. The residual current u a describes the effects of wind and river discharge, but not the residual eddies induced by tide-topography interactions. The mean square velocity in longitudinal direction, <u 2 1 >, was computed by averaging the squared residual current profile (u r u a ) 2 over the width. The quantity <u 2 2 > was then determined by using the condition that the residual current field (u r u a ) is free of divergence, see Equation 2. This yields:
with l 1 and l 2 the longitudinal and lateral length scale of the residual eddy, respectively. The latter were estimated by using the results discussed in Zimmerman (1980) . From this model, it can be deduced that the stream function , which describes the horizontal residual circulation due to tidetopography interaction, is proportional to h to a good approximation. The latter quantity is the elevation of the bottom with respect to an average depth (h >0 for sand banks). Thus, the residual stream function and the bed form patterns have the same spatial structure. Since the results of the tidal random walk model are derived for the stream function given in Equation 6, it follows that l 1 and l 2 are also the longitudinal and lateral length scales of the sand banks, respectively. They were estimated from topographic maps of the Ems Estuary by fitting observed bed forms to the spatial structure described by Equation 6.
Example
As an illustrative example, the processing of the data of Cross-section 1 is discussed. The transport plot and the bathymetry of the section are shown in Figure 3 . Here a cubic spline interpolation technique has been applied to yield continuous curves which make the results more transparent than just showing the sets of data points. This is also used in all of the remaining plots. The width of the section is W=5600 m, the tidal frequency is 0 =1·4 10 4 s 1 . From Equation 1, the local tidal velocity amplitude U t (x 2 ) and the residual current u r (x 2 ) are computed from Equation 12. The results are shown in Figure 4 . Averaging the profile of U t over the width yields the tidal current amplitude U 0 =1·35 ms 1 , so the tidal displacement becomes l 0 ?U 0 0 =9·67 10 3 m. In order to compute the shear velocity amplitude u , it has been assumed that the lateral distribution function f(x 2 ) in Equation 12 reads f(x 2 )=cos(2 x 2 /W). Averaging the profile (U t (x 2 ) U 0 ) 2 over the section width yields u =0·54 ms 1 . Averaging the profile of u r yields an average residual current of u a =0·02 ms 1 . Note that it is directed inwards, despite the discharging river flow. However, it appears that the net mass transport is seaward, i.e. the width-averaged value of V e is larger than that of V f . At first sight, it may appear strange that the widthaveraged residual current and residual transport are of opposite sign. However, this is due to the fact that the current is a depth-averaged quantity whereas the transport is a depth-integrated quantity, and the depth varies strongly over a cross-section. Obviously in the present case, ebb transports dominate over flood transports in the deep channels, but at the shallow flats, the residual transport is flood-dominated, but relative weak. Appendix C demonstrates, by using a simple example, that the residual current and residual transport can indeed have different directions.
From averaging the profile [u r (x 2 ) u a ] 2 over the cross-section width, it follows that the mean intensity of the longitudinal component of the topographically induced residual current field, i.e. <u . Now all the input parameters for the tidal random walk model have been determined. From the expressions presented in Appendix A, the longitudinal and lateral dispersion coefficients follow.
Results
First, the results of the data processing described in the previous section for all the sections used for the present study will be discussed. In Figure 5 (a), the tidal current amplitude U 0 and shear velocity amplitude u are shown as functions of the distance x to the river mouth. Here, x=0 is defined as the position where the tidal current amplitude attains a minimum such that the local flow is mainly due to discharge. As can be seen, the tidal amplitude shows the characteristics of a partially standing tidal wave, as is to be expected in an estuary. The shear velocity amplitude is always smaller than the tidal amplitude. This quantity is important to determine the contribution of lateral shear to the longitudinal dispersion coefficients, see Equation 9.
Since the tidal frequency does not vary in the estuary, the tidal displacement l 0 will have the same qualitative behaviour as the tidal current amplitude. Typical values of l 0 are between 5 and 10 km, the topographic length scales l 1 and l 2 are approximately a factor of 5 and 15, respectively, smaller. In Figure 5 (b), the non-dimensional topographic wavenumbers 1 =l 0 /l 1 and 2 =l 0 /l 2 are plotted as functions of the distance to the river mouth.
The non-dimensional intensities 1 = <u Using these parameters in the tidal random walk model, the non-dimensional variances 2 1 and 2 2 of net longitudinal and lateral displacements during a tidal cycle were computed. They are defined in Equation 14 of Appendix A, and the results are plotted in Figure 6(a) . Similarly, the correlation coefficients c 1 and c 2 of successive tidal displacements, see Equation 5, are shown in Figure 6(b) .
Finally, the dispersion coefficients K 11 , K 11 and K 22 are shown as functions of the distance to the river mouth in Figure 7 . As can be seen, K 11 is much larger than the two other dispersion coefficients, hence the longitudinal dispersion due to the presence of topographically induced residual circulations is the F 5. (a) Tidal current amplitude U 0 (--) and shear velocity amplitude u (---) at various positions in the Ems Estuary. A cubic spline interpolation technique has been used to produce a smooth curve through the data points. The locations of the peaks and the peak values suggested should, therefore, be interpreted with care. (b) As (a) but for the non-dimensional wavenumbers 1 (--) and 2 (---) of the residual eddies. (c) As (a), but for dimensionless intensities 1 (--) and 2 (---) of the residual velocity components. The 0 km point is situated at Cross-section 20 (see Figure 1) . dominant physical mechanism in the estuary. Lateral dispersion and the effect of lateral velocity shear on the longitudinal dispersion can be neglected to a first approximation.
The dispersion coefficient K 11 shows a pronounced peak at Cross-section 16, which is located approximately 20 km from the river mouth, at the border of the Dollard Estuarium. Figure 1 shows that at this position, a pronounced headland (Hoek van Reide) is located. As explained by Zimmerman (1986) , the interaction between tidal currents and the headland will result in strong residual eddies. This effect, which can clearly be observed in Figure 5 (c), will result in an increased dispersion of water particles. A second maximum is found at the seaward side of the estuary, at approximately 80 km from the river mouth.
These two peaks in the longitudinal dispersion coefficient can also be observed in the results of Helder and Ruardij (1982) , who used a flux-gradient method. In that study, even a third resonance peak is found at a distance of approximately 45 km from the river mouth. This extremum is not observed in Figure 7 , but this is probably due to the coarse resolution of the present data in the longitudinal direction of the estuary. Unfortunately, no observations were available between 30 and 45 km distance from the river mouth. However, the lateral dispersion coefficient shows a second peak at approximately 35 km distance from the river mouth. 
Discussion and conclusions
This paper has applied the tidal random walk model, developed by Zimmerman (1976b) , to compute the longitudinal and lateral dispersion coefficients at eight positions in the Ems Estuary. Here, observations of water motions were used which were collected during the period 1971-1979 by The Ministry of Public Works (Rijkswaterstaat) in The Netherlands and the ' Wasser und Schiffahrtsamt Emden ' (local authorities, Germany). It appears that these results agree well, at least qualitatively, with those of Helder and Ruardij (1982) , who applied a flux-gradient method. The present study also found an extremum in the longitudinal dispersion coefficient at approximately 20 km distance from the river mouth, as well as large dispersion coefficients at the seaward boundary of the estuary. No peak is found at approximately 45 km distance from the river mouth, which is probably due to the fact that data were only available at a limited number of cross-sections. However, it is remarkable that a third extremum can indeed be observed in the present results for the lateral dispersion coefficient ). This implies that lateral shear does not contribute significantly to the horizontal spreading of water particles in the Ems Estuary.
The advantage of the presently applied method is that the tidal random walk model also yields a physical explanation of the behaviour of the dispersion coefficients. In particular, the length and velocity scales of topographically induced residual eddies are important for the mixing properties. It appears that the presence of extrema in the dispersion coefficients can be attributed to the presence of residual eddies, caused by the interaction of the tide with the complex geometry of the estuary.
A serious problem is that the present results for the dispersion coefficients in the Ems Estuary are two to three times larger than those reported by Helder and Ruardij (1982) . The difference is smaller in cases of high river discharge. This is due to the fact that in the tidal random walk model, a statistical distribution of the residual eddies is assumed. Expressions for the dispersion coefficients are then derived at the condition that only the displacements of a water particle during successive ebb and flood periods are correlated. In reality, the residual eddies are well organized, causing a much smoother correlation function.
The latter aspect has been investigated in a recent study by Beerens (1995) . He uses a depth-integrated numerical model of the Ems Estuary, developed by Robaczewska et al. (1992) , to calculate longitudinal dispersion coefficients. In this model, the residual circulations are generated internally by the interaction between the tide and the complex geometry of the domain. The spreading of particles is caused by the mechanism of chaotic advection. The results of this model show pronounced peaks in the longitudinal dispersion coefficient at approximately 25, 40 and 55 km distance from the river mouth. The latter extremum is probably shifted from the seaward boundary inside the estuary due to the applied boundary conditions. It is remarkable that this model predicts values of the longitudinal dispersion coefficient which are two to three times smaller than those of Helder and Ruardij (1982) . This is probably due to the lack of 3D effects and the limited resolution of the model.
To conclude, it appears that if the tidal and residual flow characteristics in an estuary are known, the tidal random walk model is a simple model to use to obtain upper bounds for the dispersion coefficients. Moreover, the tidal random walk model can be used to explain the physical mechanisms causing the mixing behaviour. In order to obtain lower bounds for the values of dispersion coefficients, simulations using a detailed 3D numerical model are necessary.
Here h is the water depth, V f and V e are defined in Equations 10 and 11, and h i , V fi , V ei (i=1,2) are constants. The width-averaged residual transport is:
The residual current u r (x 2 ) follows from Equations 10 and 11, and its width-averaged value u a reads:
Now assume that (V e2 V f2 )>(V f1 V e1 )>0. Then, according to Equation 23, the width-averaged transport is negative (seaward). However, the width-averaged residual velocity will be positive if: so h 1 must be smaller than h 2 .
Physically, this means that the residual transport is ebb dominated in the deep channel, whereas there is a weaker landward transport in the shallow part of the estuary. A similar situation occurs in the example discussed above. 2 ) (--) and g 2 (
2 ) (---) used in the tidal random walk model (see Appendix B). These plots should replace the incorrect results shown in the paper by Zimmerman (1976b) .
